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THE COMPRESSIBLE FLOW PAST VARIOUS PLANE
PROFILES NEAR SONTC VELOCITY

By B. GSthert end K. H. Kawelki
| SUMMARY

In an earlier report UM No. 1117 by Gdthert, enbitled.'?erechnung
kompressibler ebener Strtmungen bei hohen Unberschall- .
Anblasegeschwindigkeiten” (Calculation of Coupressible Plens Flows at
High Subsonic Airspeeds), the single-source method was applied to the
compresslble flow around circles, ellipses, lunes and around an elongated
body of revolution at different Mach niumbers and the resulte compared as
far as possible with the calculutions by Lamla end Busemsnn. Essentlally,
it was found that with favorable source arrangement the single-source _
- method 1s in good agreément with the celculations of the same degree of
approximation by Lémla and Busemeun. Near sonic velocity the number of
steps must be increased considerably in order to sufficiently approxi-
mate the adiabatic curve. After exceeding & certain Mach muwber where
local supersonic flelds occur already, it wae no longer possible, in '
eplte of the substantially increessed number of steps, to obtain a
systematic solution because the calculation diverged. This result was
interpreted to mean that above this polnt of divergence the symmetrical
type of flow cesses to exist and changes into the unsymmetrical type =~
characterized by compressibility shocks.

SURVEY OF THE APPROXIMATION METHOD USED

In report UM No. 1117, it is explained how by means of successive
approximztions the velocity field around plane profiles at high subsonic
speeds can be computed. But instead of representing the solution in
closed form a8 practiced in the conventionsl methods up to now, a
numerical method was developed by which a large number of eporoximating ]
steps can be camputed, such that the labor for the individual step is
not ircreased, with progressive degree of approximation. 48 a conseguence,
the restriction was vemoved of being eble to compute, in general, only

*'Die kompressible Strimung um verschiedene ebere Profile in Nehe
der Schallgeschwindigkeit." Zonrale fir wissenschaftliches
Berichtswesen der Luftfahrtforsciung des Generalluftzeugmeisters
(zwB) Berlin-Adlershof, Untersuehungen und Mitteilungen Nr. 1M7L,
Janvary 6, 1945. ‘
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two individual approximations owing to the increasing. smount of paper—
work involved, On the other hand, however, it was taken into the
bargain that even at increasing degree of .approximaetion the “mesgh width"
of the numerical method is, in generel, melntained, so that a small
consisten’ residual error remains, bdbut Juiged from the model problems
worked out, this error remains, on the whole, far below the error
introduced by an insufflicient number of individual approximatlors.

The afore-mentionsd report proceeds from the concept that the
compressible flow cen be regarded as & specisl Iincompressible flow,
vhere the entire flow fisld outside of the profile in the stream is
covered with elementary sources and sinks, the yield of which is
dependent in & sgimple mannser upon the magnitude of the local Mach
number, Thus, if the velocity field around a profile were known, the
elementary sources themselves would be known also, the departure of
the compressible from tho incompreseible velocity distribution could
then be explained simply by the fact that the additional velocitiles
produced by the sum of the slementary sovrces are computed. By the
method pursued in the subsequently described model problems, the
elementary sources were determined firet from the velocity fisld of
tho incompressible flow, that 1s, the velocity fileld of the Prandtl
rule, and with this first approximation formula for the source inten—
sities, the variations of the velocity fleld computed, With this
improved velocity field, the source intensities are then computed again
aend from it the velocitles until with progressive degrse of approriuwation
the additional velocltles dus to the sources tend toward a fixed value
thet represents the desired velocity in the respective point of the
compressible~flow fleld.

Ag the calculation of the elementary sources for given velocity
is comparatively simple, 1t is important that the velocity field, which
is produced by the sources distributed two dimensionally over the
entire flow field, be computed in the simplest possible manmer, For
this purpose, the Incompressgible comparative flow covered with sources
is conformably transformed on the circular flow, where the individual
elementary sources do not vary in yileld. The two dimensionally distri-
buted sources were combined into concentric rings or, for even rougher
approximation, into single-point sources which were disposed in sultable
marmer st such points where the meximum yield of the sources ig to be
expected. Even this very rough method proved surprisingly satlsfactory
. by sultably arrenged single aources for defining the velocities in the
proximity of maximum profile thickness as verified by a comparison with
the Imown calculations of Lemla and Busemann with the substantially more
accurate source ring method.

The present report dsals with s number of model caloulations for
profile flows worked out by the single~source method, The number of
gingle sources im eaech flow gradient was fixed at twelve, the choice
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of arrangement being such that the single sources disposed along a
stream filsment are of equal yield as much as possible, The celculation
wag further simplified by postulaeting symmetricel flows, Uhsymmetrical
supersgonic flows wilth compressgibility shocks are thus ruled out before—
hand, . T : -

One particular advantege of the single--source method consists in
being able to see at once whether the chossn number of aepproximation
steps already complies adequetely with the continulty condition of the
compressible flow or whether the method dlverges and so indicates
that, at the partiocular Mach number for the chosen profile, symmetrical
flow free from compressibility shocks is no longer to be expected,

II, VELOCITY DISTRIBUTION ABOUT A LINE (CRESCENT) (d/1 = 0.10)

1. Mach Numbers with Convergence of Computed Flows

. The chosen single-source scheme (system I, appendix) for a crescent
(a/1 = 0,10) et Me= 0.77 is represented in figure 1, The 12 single
sources are arranged so as to lie particularly close together near the
point of makximum profile thickness in order to be able to bethter account
for the high yield of the sources expected here. But at greater distance
from the profile, the sources are gpaced farther apart bhecause the total
vield, owing to the glready subslided increases of velocity and the
reaction of these outer—-lying sowrces to the 7elocities at the profile
contour and on the areas of grest source density, is substéantlally less.
The additional velocitles dus to the single sources were computed in
starting points disposed as much as possible at equal distance from the
adjacent single sources in order to minimize the error dus to the point
concentration of the elementary sourcee. The represented source diagram
varies with Increasing Mech number so that the individual sources move
farther outward into the flow. This outward travel of the sources,
desirable from the physicael stendpoint, offers mathematically an
alleviation or facllity by reason of the fact that after spplication of
the Prandtl rule, the source locations in the plane of flow, conformally
transformed in a clrcle, are coluncident for all Mach numbers so that =~
the additionsl velocitles induced by the sources in the plane of the
circle can be computed with the ald of the same influence factor.

. The result of the approximate caslculation with the previously
described system of sowrces and starting points at Mw = 0.77 io
1llustrated in figure 1; the streem density (pv) 1s plotted against

the Mapch number for different groups of starting points; the correct
velue of the stresm dsnsity striven for by the approximate caleculation
1s given by the adlsbatlc curve which at sonic velocity M" =1 has
1ts maximum gs sign for the greatest possible stresm density. At point



b o S © NACA M No. 1203

Mt = Mt,, which corresponds to the state of the flow veloclity, the
adiabatic curve 1is tengent to the stream denslty curve of the Prandtl
rule, On the Prandtl curve, all points of the approximate calculation

b{ the Prandtl rule are 13tE&pd; they are ildentlifilsd In the dlagram as
ovh approximation, esuch as the starting point 11 at the maximum velocity,
etc,, for exemple, "The difference of the sgtream density in the partioular
approximation points relative to the accurate adlabetic curve indicates
then the extent to whilch the stream density by Prandtl rule is still

too great and to which the width of the stream filament passing through
the respective starting point ig still too small to fulfill the condition
of continulty of the compressible flow, Thilg difference represents,
therefore, at the same time a measure for the addltlionally 4o be applied
source yield, which is to force the particular sbtream fllemsnt apart ‘
to the correct wildth, On computing the additive velocitles by the sources
vwhich are dimsnsional according to the velocity field of the Prandtl
rule, (O approximetion) the velocity field of the next higher is
obtained or, in this case, of the first approximastion. It is true that
the points of the first approximation found this way lle already much
closer to the aedlgbatic curve than to the Prandtl curve; but it is seen
at once that the second degree of approximstion, especially at the points
of maximum velocltles, le still not adequate to approximate the adiebatic
curve closely eriough. Since the sti1ll remeining difference relative to
the adisbatic curve is immedistely apparent from the dlagram even for

the points of the first approximation snd the additive yield is thus
known, the second spproximation end also the higher approximstions can

be calculsled at once. For the exampie in question, it 1s seen (fig, 1)
that about five approximative steps are necessary to approximete the
adlabatic curve accurately enough starting from Prendtl's curvo,

The number of steps required is, of course, less at small Mach
numbers of flow., Thus, figures 2 and 3 show, for example, that at
Meo= 0,75 for the same profile only about three, end at M. = 0.70
only about two stéps are needed to athain the seme degree of approxi-
mation ag at Me= 0,77 with five steps. On the other hand, the
nurber of steps required at higher M incroases enormously. From all
these approximate calculations reproduced in flgures 1 to 3, 1t is
apparont that In the middle section (starting polnts 11 to 71) the
Velocities in respect to the Prandtl curve are still considersbly
inoreased; while at the starting pointe 12 to 32, farther upstrean,
this increase has alreedy subsided sppreciasbly. At the points 13 to 23,
farthest upstream, it has practically disappeared so that, on the whols,. -
the velocity distribution along the contour decreases’ substantislly with
Increasing Mach mmber,'

8. Mach Numbers with Divergence of the Computed Flows

The approximate calculation at Mo = 0,80 and Me = 0,82
wes carried out by the same schems and the results plotted in fig—
ures 4 and 5, In spite of the much larger number of steps (up to 10),
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no satisfactory aggroﬁma‘bion of the adisbatic cnurve was obtainable,
While at Mw =0 the ninth and tenth stéps appear %o sprroximate
the theoretical curve to some small extent, d.ivergence Y8 plainly
noticesble at Me= 0.82 in the fifth step even af ls evident in
the sbarting points 11 end 21. This divergence seems Lo be traceabdle
to the starting polnts which extend into the rangs of supersonic speed
(M+ >1), The significence of the divergence is discussed at the end
of the report after the results of approximate celculations for sev-
eral other profiles are available for the discussion.

11

3. Discussion of the Computed Ma.xiz'hmn Increases of Spesd

Gompé.red. with Busemann's Deta

Flgure 17 represents the veloclties in starting point 11 at
varlous Mesch numbers from which the incressing number of necessary
gbeps with increesing M 18 apperent, When tie velocity in sterting
point 11 nears the velocliy of sound, this profile requires ebout
five to six steps by the Prandtl rule to assure sufficiently closs
approximation., So, while the approrimete calculations available so
fer for slender profiles wore, becauge of the enormous pape:r Wwork
involved, cerried out only to the first, in a few cases to the second
step by the Prandtl rule, satisfachory complisnce with the continuity
condition at those high subsonlc speeds is definibely not to be counted
on, This holds true so much more because by thls approximation methnd
the Individual steps always yield a littie loss then by the single—source
method. because thelr source yield wes not applled in full strength ) _
corresponding to the momentary velocity field, bubt merely in an appro.'ti-
mation, the quality of which is equivalen‘b to the degree of approxima—-
tion of the whole calculation, ‘

. From the velocitios obtained in the different st»::c*‘ing points,
the vqlocity,a.t the point of maximum thickness was then computed by
extra.pola.tion with the eld of the tangent condition (dv = — 1 dn,

r = radius of curvature of stream lines), which at the same time
represents the maximum velocity occurring at the cremcent contour
and plotted in figure 19 for the individusl approximations in com-
Parison with the valuss by Prandtl and Busemann., It was found that
the first epproximation of the single--source method was in good
agreement with Busemamn's data. Thus, in this example, the srrange—
ment of the single sources was obviously fortunate enough so that the
errors of the rough approximation In the zonps of maximum increase of
speed eve nearly obviated. (However, it should be pointed vut here
thet in other cases the agresment is not quite as good as for the
crescent, for example, on the ellipse. This detect in the qualfty of
the approximation method is, however, alresdy. evidenced during The -
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calculation in the vory nonuniform distridbution of the yield of the
gource along the individual streamlines so that a correction with
better distribution of the single sources would have been possible
at any time,) .

After exceeding the limit of +he velocity of sound, figure 19 again
indlcates that the number of necessary approximation steps increesscs
conslderably. A gubste tlally grester number of steps beyond the F1fth
approximation were calculated and from these the values btoward which
the velocity tends at gtarting point 11 for an unlimited mwiber of
stops, determined by extrapolstion or else, ag in the immediate proximity
of the point of divergence, by a refined method, It resulted 4in s very
accurately defined limiting Mach numbsr at which the method ceased to
converge. The thus obtained point of divergence lieg definitely in
the slipersonic range at a maximum local Mech number of M+max % 1,095,

L, Effect of Dlsslmilar Source Lrrangements

The arrangement of the gources wmust proceed from the point of
view of Placing the sources so that the areas of high yield of the
elementary sources are covered as wniformly .as possible with gingle
gources, Particul&rly; the singls sources lying on a stream filament
should be distributed for most wiforn yield, Since at the stark of*
the approximation, in general, only an incomplete estimation of the
stream densities 1s possible, unfavorable systems of sources mey be
encountered., Thus, in order to gain an insight into the potential
errors introduced, the crescent flow was computed agein in the vicinity
of the point of divergence with a modified source system, which in
Tigurs 16 is contragted with the old system. In the new system ITI,
the single sources are muoved nearer to the arves of maximum increase
of speed and disposed more closely; owing %o this closer coverage near
the maximum speed increases, the two outerriost sources of gystem T were
cmitted so as not to increase the number of sources much above twelve,
The results of ths annravimata actamtoss .. veew e

Py
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below that caused by an insufficient number of approxiuating steps

(as for example, bresking off the calculation after the first or second
gtep beyond the Prendtl rule), Even the fundamental charscterigtics

of the computed flow, such as COLVErgence and. divergence of the solutions,
remzin completely unaffected by the type of gpecial source systeu.

TIT, VELCCITY DISTRIBUTION OVER EILIPSE AND ELONGATED

PROFITE (d/1 = 0.10) -

~ Ag for the crescent, the compressible flow past en ellipse and a
spindle—ghaped profile of the same &/f1 = 0.10 was compubted and the
resulte for ssveral Mach nurbers illustrated in figures 6 %o 11. The
gource system I was used for the gpindle—shaped proflle waile for the.
ellipse, a different arrangement of sources (srstem II) was choscn
where the single sources eztend Parther upstreem or Cowngtream SO a8
to secure a better adapbtation on the more complete velocliy distribution
of the ellipse, Thesge profiles also gvince a point of divergence
beyond which the applied calculation method ceases to converge. This
point lies at different Mach numbsr of the basic flow, depending upon
the particular profile form. But it is slways opserved when the
velocity of sound is locally excecded in the flow around the profile,
This characheristic is especially reproduced for the ellipse in figure 17,
where the velocities sre compared to seversl Mach numbers in the v
immediate proximity of meximum prefile thickness (starting point 11},

Ths meximum increases of speed at the contour Ayk/vm of the
ellipse were also compubed for the several degrees of spproximahion
and plotted in figure 19 along with the values of Busemenn's spprozimation.
At the Mach number of flow corresponding +to the divergence point, a
local increase of speed of 26.4 percent resulis, equivalent to a ‘
maximum local Mach number of MF . = 1,08, The comparison with
Bugemenn'ts method of approximatibn indicates that the first step of
the single—source method yields & little mcre thaen the corresponding
Busemsnn step. FEven though fundementally the single-gource mathod
must yield a little more for +he source intensities than Busemann'ts
mothod, on account of the absent series expansion, the existent dif-
ference appears, neverbheless, To be largely atbributabls to the fact
that the chosen system of gourcss was not well enough sdapted to the
flow avound the ellipse ag evidenced by The nonuniform distribution
of the rields of the source. However, since the observed differsnce
amounts, at the most, te 0.5 percent of the parallel flow, a correction
of the calculation by means of a modified souvrce system was omitted.
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IV, . VELOCITY DISTRIBUTION ABOﬁTlAicIRCULAR CYLINDER IN

COMPARTRON WITH LAMIA'S CATCULATTONS

Ag a further example for calculation by thé single-source method,
the compressible flow around a circuvlar cylinder wsg chosen. The
Prandtl rle certvalnly represents no good initial spproximstion for
the flow sround a circle, bocause the assumptions for the applicability
of the Prandtl rule, such as regards sufficiently small incresses of
speed, for exempls, are not complied with, For thig reagon, the
ordinary incompressible flow wags used ag the initiel approximation Ffor
the, circle so that the regpactive sources o be applled must cover the
entire gtrean density difference between the incompressible and the
compregsibls flow. The result of the calculation in the vicinity of
the divergence point is reproduced in figures 12 to 15, A4 Mo = 0,40,
about four steps afford g sufficlent spproach to the exact adiabatic
curve; at M, = 0,42, agbout five gteps are already necessary and at
Me = 0.45, the caleulated olght steps indicate that at thisg Mach number
of flow, no convergence can be any longer counted upon; at Me = 0,50,
divergence definitely prevails. The velocitles in the charactorigtic
gtarting point 11 computed at different Msch nunbers clearly show
(fig. 18) how the number of necessery approximetion steps from 1 to 2
at Mw= 0,25 up to the divergence point incresses congiderably and
wWltlnately after oxceeading the divergencs point, no approximation
satlisfying the adiabatic equation can be found no matter how meny steps
are uged, {

The maximum increases of speed. ocourring at the circle ciroum—
ference were computed from the dats of the gingle~gsource calculation
and plotted in figure 20 for different degrees of approximation and :
Mach numbers, Where the point of divergence lieg at around M= 0,447
with a meximum increase of &Vk/vm = 1,70, ‘the equivalent to g maximum
local Mach number Mrpow = 1,295, The values of the first to third
approximation by Lamla ?feference 1} were also ineluded, The comparison
indicates good agreement botween Lamla®s deta and those obtained by the
single~gource method,

V. SIGNIFICANCE OF THE POINT OF DIVERGENCE

In all of the afore~mentioned calcwlations, it was found that the
single-gource method, once g certain limiting Mach number had bsen
exceeded, was unable to Produce satisfactory approximate golutions
because the calculation diverged. Typical for the divergence point was
the fact that the highest local Mach number 2t the profile circumfersnce
was only slightly above the sonic velocity., To illustrate: on the
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ellipse (d/1 = 0.10) the highest Mech nurber related to the divergence
point was Mrp.y = 1.082, for the crescent (d/1 = 0.10) H", o = 1.096,
and for the circle, M+max = 1,295, AL this state of affairs, the
question arises whether perhaps by the rough approximation assumptlons

of the calculation only the meximum local Mach numbers are shifted into
the supersonic range while by the exeot calcuwlation the sonic velocity
Just represents the critical limit at the exceeding of which the conver-
gence stops. On top of thet, 1t is extremely important to declde whether
the observed divergence merely represents some defect of the mathematical
method of calculation or whether it 1s perhaps +the evidence of & specific
vhysical progress. :

To analyze the lagt problenm, the gingle—sovrce metiod wes modified
g0 that the calculation was reduced to the solubion of a l2-term
caadratic equation system with 12 unknowns. {This investigation
is to be published in a separate report.) After this change, it was
possible, for exsmple, To calculate Flows pest profiles with high local
guperscnic fields of M*max = 1.5 end more., This therelors proved that
the single-—source method conbains no fundamental Aifficuity to push
shead into the arsa of high local supsrsonic fielde, Tt was also found
that above & certain limiting Mach numbor, squivalent to the divergencs
point, a solution joining on the subgonic flow no longer exists., There—
fore, the reason for the wnaatisfactory epproximate solution for the
compressible flow around circular cylinders, ellipses, and crescent
above the point of divergence is due +to the fact that abvove the limiting
Mach number, the symmetrical flow pattern postulated by the calculating
formula no longer exists, but rather 1s replaced by an unsymmetrical
flow associated with compressibility shocks.

Concerning the meximum local Mach numbers relsted to the divergence
point, it is appropriate to roexamine figures 17 end 18 with the veloclty
variation in starting point 11, It is seen that the point of divergence
ia reached when the velocity curve related to this point 11 is exactly
tangent to the adiebatic curve. But this contact point is always in
the supersonic range as 1s to be inferred from the ascent of the velocity
curve for point 11 and the adizbatic curve. Ths divergence point could
lie “hen exsotly at the sonic velocity only 1f the Telocity curve of
point 11 with horizontal tangent approached the adiab ‘tic curve.

The guestion is then whether the ascent of the velocity curve of
point 11 can be varied as far as the horizontal entry in the adiabatic
curve by refinement of the calculation formula. The refinsment of the
formula can, for example, be vigualized such that the previously
employed 12 single sources are consistentiy split up uatil, in the
limiting case of the exact calculation, infinitely many - small elementary
gources are involved; but this splitting up modifies in no way the sum
of the yields of the source, Even though this splivting may slightly
modify the magnitude of the additional velocities produced by the sources,
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that is, shift the total veloclty curve from the first approximation b

somewhat, 1t ig extremely unlikely that the curve up to horizontal

entry would be changed as a result, It is therefore necessary to

reckon with the fact that the computed local supersonic Tisids do

actually occur and can be symmetrically removed without comprosgibility
‘shock, By the worked—-cut model problems, the highest local supersonlic

Mech numbersg still obteined in symuetrical flow are s0 wuuch greater

as the Mach numbers of the airspseds rslated to the divergence point

are smaeller, Thig 1g exemplifiled in figure 21 where the highest local

Mach numbers of the divergence point sre plotted against the airspeed

Mach number for the circle, crescent, and ellipse, At Mw= 1 the

curve of the highest lccal Mecn nurbers hLas the value M+ma =1,

hence at this gpea2d the increases of velocity exactly dicappear. It
means that at gonic velocity Me=1 g g metrical flow is possible

only for the infinltely thin, flat plats in parallel flow which ig
consigtent with ths variation of the flow dengity curve with 1tsg

maximum at sonic veloclty., Figuro 21 further shows the Mach nwbers

of flow at which loesal gonlc velocity is ©xactly resched. 4 comperigon
with the Mach numbsors of flow related to the divergernce point indicates
that both differ very little, the differences becames lesgs as M, becomes
' groater. At Mw= 0,80 the difference amounts to g mere Ao = 0,030.
So,as far as the application of these data to the conditions in

technicy ig cancerned, it is quite
1ts symmetrical charceter at the sonic speed limit or at the Mach
number of the dlvorgence point and changes to wsymmetricsal flow with
compressibility shooke. This result holds for the bresent only for

the discussed medel flows around the circle, ellipse, and craescent, )

However, it is not very likely thet the conditions will be materially
@ifferent on other profile forms, Since on the ellipse and on the

crescent of equal i/1, for exainple, profile forms with very dissimilar
curvature varistion are already involved., '

L]

From this point of view, the .guestion of wheother the Previously
computed symmetrical flowy with local supersonie flow ficlds are gtable,
that 1s, whether they return to the initial flow attitude after minor
disbturbances, iteself loses importance. In the caleulation itself, only

the conditions for potenti
vortices, eta, were contal
have to be treated additionally and therefore it is n

VI. RESULTS. - -

From the results of the calculstions by the methogd. of approxi-
mation on compressible plane flows with the aid of gingle—-source
. arrangements, the Tollowing flodings were arrived at:
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1. The maximum increase of speed on the circumference of &
circular cylinder computed by the single—source method and compared
with the data by Lemle indicated that the calculatsd maxizum spesds
in all comparable dsgrees of approximation ( steps 1 to 3 beyond the
incompressible flow) are in very close agreement by both methods,

In the case of the flow around an sllipse, a 0,5-percent
difference in airspeed resulted in ccmpgrison with Pusemann's cal—
culation ( approximation step 1 ), which cbvicusly is attributable
%o the not very favorable arrangement of the gingle source., But the
magnitude of the error involved did not ssem to Justify thke additional
paper work involved in a calculation with an improved source distridbution.

The fireh step For the flow around a crescsnt beyond the Prandtl
rule could be compared with Busemann's calculations; here algo the
agreement was practically perfect. * ‘ '

The conclusion, therefors, is that the single—source method is
suitable for a guick, mumerically correct insight into the righest
increases of speed accompanying the compressible flow past profiles.

o, As the single-scurce method affords a clear view of the
gquality of the attained approximation to the adiszbabtic curve, it is
possible at all times to decide whether the abtained degree of approxi-—
mation of the calculation is already sufficient or whether the mumber
of steps needs to be Increased. In this respech, the wmodel problems
worked out disclosed that st low airspeeds two Lo three steps are
gufficient, but that in proximity of sonic velocity, six to eight steovs
are necessary., Thus in this range, the calculations by Rayleigh, Lamla,
and Busemann would also have to be continued up bo substantielly higher
degrees if sufficlent approximsticn to the adizbatic curve in the sonic
speed. range is to be abtained,

3., After excesding a certain Mach numbsr of alrspeed, it was no
longer possible te secure a satisfactory symashrical approxinate
golution with any number of steps because the calculation diverged.
Since in other cases it succeedsd in computing by the same msthod
subsonic Plows with large local supersonic zomes (M7, _. =~ 1,5), the
observed divergence cannct be abttributed to the imperfect suitability
of the employed calculating methcd. The appearance of the divergence
was, therefore, interpreted ass that the symmetrical subsonic flow can
be continued only up to the Mach nuuber related to the point of diver—
gence and after that, the flow changss into the unsyumetrical type
characterized by compressibility shocks,

i, The highest local velocity appearing at

P
gence lies a little above sonic velocity, the-mdr

the point of diver—
s 80 the smaller

the Mach number of flow related to the point of divergsnce.
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On the circle, for example, the maximum local Mech number ig

M* = 1.29, at the crescent {a/1 = 0,10) Mt = 1.10, . and on the
max 2 ’ - 2
ellipse (d/1 = 0,10) Mo = 1.0 o

. L4

5. The Mach numbers of air flow related to the pol
gence are only a little higher than the Mach numbers of flow at which,
locally at the circumference,; the: sonic velocity is exactly resched for
the firet time: +he difference in.Mach number 1y, for evauple,

A = 0,030 for the ellipse (4/1 = 0.10), M, = 0,030 for the
crescent (d/7 = 0,10), and MM = 0,050 on the circle. Thus for
actual flight practice, it is quite immatorigl whether the flow already
changes into the wnsymretrical type on reaching sonlc speed or at the
Mach number of the point of dilvergencs,

nt of diver—

6. The flows with locael gupsrsonic Tields computed by the single-
source method satisfy the conditions for potentlal. flo

WS such as
continulty, nonturbulence, etc, However, it yet remeins to be proved
whether the calculated Swpergonic flelds are gbable, that is, vwhether,

after a smgll disturbance, they rveturn in the initial state,

i

Translated by J., Vanier _
National Advisory Committes ‘
Tor Asronautics
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- APPENDIX
METHOD OF CALCULATION

" 1. Choice of Starting Polints and Source Systems

Since the sources to be applied
o Ooon the crescent and especially at the
2 %hvl:g spindle-shaped body are predominately

Starting points - [ B, placed within a couparatively narrow
83’\4; Iy 2  rpange near the profile center, a .
Sgyrce-ling < AN D system of sources wag chosen at which
¥ = Const SN Y _b—rT] the three-source lines 8% = Constant
ﬂi?K\ N >/+K ' lie close bSogether {system of points I).
~ \\)»k’ r, For the circular profile and especially
Source circle / /'\\\.\\ § for the ellipse on the other hand, the
+ = Const ! ) f \<\¢Q area of the additional sources is more
{ / { d \°§; ’ extended toward the stagnation polnt.
- 2 /g 1.0 ' Owing to the steep increase of speed

at the ellipse aft of the profile nose,

the meximum of the additional sources lies for this profile in the forward

half of the profile even at high Mach numbers (system of points IT). For

the study of the influence of the change of the source arrangement, a

second system was included for the case of the crescent, where, instead

of the 12 sources sextending Ter into the outer gpace, 13 closely spaced

sources were chosen (system III)- o

Starting Point and Source System I
(Polar Coordinates in the Plane of the Circle)
[Sterting point (ry, 3y), Source point (ry, 92%),
r, = Radius of image circle|

Starting peints Starﬁing point end radil of circle of gource
(uv) rp,k/ro

SOU?CG points 1.075 1,242 1.436 1.659 2.215 2.959 2.002
9%

Sterting point angles

Sy = 90 pv (11) (21) (31) (k1) (31) (61) (T1)
= Th (12) (22) (32)
= 60 (13) (2 3)
. Source-line angle
o%, = 78.75 o (13) (21) (31) :
= 67.5 (12) (22) (32) (k2) (52) (62) (72)
= 52.5 (x 3) (2 3)
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Starting Point and Source System IT

Start%ng §oints ‘ Stérting point and radii of circle of sourcé_l
pv : ‘
Source p§ints 1.072 1.242 1.436 1.659 2.061 2.572 2.952
(i
Sﬁarting~point angles ' )
% = 90.0 uvuz>@z)@1>wl>wl>ml>wl>
= 67,5 ' (12) (22) (3 2
= 15.0 | (12) (2 3)
Source-liné angles
I = LTS v (11) (21) (32)
= 67.5 : N (b2) (52) (62) (712)
= 56.25 (L2) (22) (32)
= 36.0 (1 3) (2 3)
Starting Point and Source System IIT
Start%ng)points- | Sterting poiht aﬁ&ﬂradii of clrcle of source
HY
| Source points 1.075 1.252 1.436 1.659 2.060
()
: I
Starting-point angles|
Sy = 90.0 Fuv(l 1) (2 1) (3 1) (k1) (5 1)
= 78.75 )« (12) (22) (32) .
= 67.5 | (13) (23) (33) (43) (53)
Source-~line angles
9% = 88350 - imi(11) (2 1) (3 1)
= 73.12 (12) (22) (32) (k2) (52)
4 = €1.88 (13) (23) (33) (&3) (52)

2. Influence Fectors in the Cyclic (eircular) Plane

. ) 1.9 ¥ : o .
With 2x* = Re™" denoting the local vector of a source and

x = re?® e sterting point, the velocity induced in the sterting
point is '

iThroughout taig report x and v are substituted for the
German script x and v which were used in the original German
version.
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~ E . .

when B = —— represents the source strength and
1"0\/' =

o ;

. v
=,J/;+{z ~ 2% cos (9% -9)

the specing. If the system of the coordinates is robated through I,
radial end tangential components in the starting polnte change info
the =x and y. . components of the new systeul. Thusg, with r/I{ = T,
9% #9 =7 '

vy + 1ivy e

¥ _-is
e = >
T, —
¥ ro {r -cos 7)) - ieiny
2x R 1 + 42 - 2T cos ¥
hence for the ¥ components B
~ -
Vg T Yo

Vo 2n ?*V@

With
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¥

The contour conditions are satisfied by adding to each principal source
(Hqv) the source (Spau) reflected at the conbour circle. If the
source arrangement ig in addition doubly symmetrical, that is, sources
of equal strength in +g+¥ sources and in t(w - §*) gources, four -
rrincipal sources each can be combined. For 7 = (é*w~ §) and

7 = (8% + g), fyg 1s to be assumed positive, for 7 = n - (o% - 9)

and 7 = -1 + (9% - 3), negative,so that

i §¥ + 0
vaﬁ - sn(u ’U)
b

sinz(a* +9) + [} - cog (0% + 65]2

. sin (3% + 5)
sinf(s%* + 9) + [T + cos (8% + a{}g

sin (8% ~46)
sin®(s% - 9) «+ [} - cos (9% - 6[]2

gin (p¥* - 9) 1 (
+ ) l) -
sinc (9% - ) «+ E— + cos (9% - 6):{ )E |

In order to better assess the influence of a continuous source
distribution by a system of 12 single sources, the latter are visuslized
s being replaced by a source-line system with two-dimensional source
strength distributed along rays ¢%* = Congstant. Combining then the
influence of one radius at the source points by averaging and taeking
the source strength along the interval as constant, the influence of a
gtep-like source distribution along the ray 9% = Constant that sub~
stitutes the line Superposition is closely epproximated although in
the practical calculation, only single sources are involved. Unless

the influence gquantity 2-fyg  plotted for fixed § and Fixed of

ageinst T varies excessively, the mean influence 1g equal to the
influence in the center, or within the. framework of the distridbution
by powers of 1.075 in the intermediate partial points. In the vicinity
of the extremes of the influence curves at T = 1, however, and at
interval increases at the Fourth source ring the average value of the
interval must be computed more accurstely. Indicating the average
formation by overscoring and including the factor 1/2% in the influence
factor, the final 4 component of the induced velocity follows as

—
VS8 11/ *o E To E
— e P % wri+h * o & ph, s .
Voo BLy WATL . Lg¥ 2n (R L fVQHqu v Q b %Dsp‘hx 2
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3. Conformel Transformation and the Ensuing Veloc*ty Distortion

The conformal transformation Zix% = £{() gives the flow around
the profile in the ik* plane from. the flow around the image circle
'g‘ = ro. The complex potential X = @ + ¥ 1is

(?Le—j%>* _ ax ax &t _ vgmxe-i(e+a)
ik e

2 % = 7. % - 7
e AZ3y Zy™ - F B
%
aZyy, -
and the distortion function —~ =Fe* ¢ is —— .
v/,
F o= ( /‘”)c ircle ¢ =a. - q
- N *® : Toi circle
(V/ )3 ik :
The flow around the circle ] Cl = r, &8 conbour is with ¢ = 19
T
and X = z?

L A s

'—_"% 2 sin 3

r

not

h

To determine then the velocity of a specific pwoflle in the ik*-plone,
only the distortion needs to be camputed.

2. Crescent.— If © is the edge angle of the crescent and

* 1
(a/1) 5y = 0.10/u = e = Prandtl faotor\)

1- M2 Y,
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the thickness ratio of th

e given comparative profile, the geometry
of the crescent gives R ' :

. B
van B o AN .
rany =‘(~%3ik o

The conformal transformation is attained by

*

gik
o

Zyyc*

na

Lo ) \E‘O /’

The quantities & ang B
circular coordinates

can be represented as functions of the

. 4\!2 A o= /2
A 3 r 5 T ER
! -+ l - 2......._ cog 8 -—-w-—"‘—*} l
2 _ \Po/ o —
5T o= o D P rom Ty 2
Sl + 1 o+ 2= cos 3§ Sy tan (‘3/2)
LI r
<O o

2r /v
. d = w/2 0
arc btan 2-L£ gin 3§ “m-~/ > arc tan —
o / \E2
B = = = r = rg {\r/fo) - 1
,’r'\‘i -1 — :vt/Q

&5/




NACA TM No. 1203 19

The profile parameter n 1is given by ‘the thickness ratio. As
exponent it indicates the multipli catlon of the angle = in the
. stagnation point of the circle. . It 1 -- C

in = 2% - &

or

. *
n=2- l-; arc tan (%)Jk o . :

The velocity distortion follows from

K — i€ (Sei@ - Qeiﬁ\;
- Fe. =~
R AT

N
PO Ji-

5
w

IW:‘J

as

(i)
s e} oIl
e=2arctan@;itan@—Earcta_nG~itn%

The formula of the conformal transformation was so chosen that parallel
flow prevails at infinity. Actually it is

*
d.Z.1' ai DQE_
1& - > 1’12 2,' __> l
(ig S =1, g =0 B S-,-,lg-m

which conditions that --— = n.
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b. Elongated body of revolution. - The coﬁformal transforme tion

az, *
supplied by the formula satisfying ~IE =1
a

is

Yo Lo 4 3 ‘;

SRS
! [@ - n/r)&nﬂ e C“‘“) sin 3{}

/2 24+x i\ 22(1 - K)
S8ince ~=- = 22 and - i btained, th il

N 3 To)ik 3 ~ 8 obtained, e profi ?
Parameter X isg

d-.,*
. ‘"‘LLm.zZsz]

s (& .
2 +($);, |

i

[
1

a ki

K _ (")ik

o 4 (
’lk“

The velocity distortion follows from the

(=

(V]

ik* —velocity at

Z‘C’
>ik
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With
g N2 , _
0o FEY 4 2fEY (1 -K) cos 2 + (1 -K)F
o _('o RS ]
we getb
vx-ivy* lrel_“r_e 1.
(T -ﬁ(gé) L(:_;,g) +(l+K) cos 29 { + i1{1l - X} sin 298
" ik : ) — — —
and.

(j"f ) (x fro)®

Iolye YW

hence, with {2)
S ) _ T b
F2 [:L+@9> (1 -K}2+2<% (1 -X) cos 2@] {:1+<39>
r\° 1
- 2(—_9) cos ?_"SJ
v .

A+ B cog 289 + C cos 43

where . o
(3 e - 0%
B=2K<r—1§>2 E(l-z{) C:Qh- ] ‘ (5)

¢ = ~2(1 - K) 69\
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Ce Ell&gse ~ A corres

ponding formula supplies the conformsl
transformation:

" [0}
= ome o e e
g

2 '
r g .
=11+ & cosﬁ + i(, - *i) sin 9§
Yo ( 2/ Ed

a 1~ <€:&k

I’oe

\Z 1k

TO

with

—.J

as profile parameter. The veloéity distortion follows from

aZ43* ( a2
——————— l - .
g 2
£
2 2
- & cos 28 )+ 4 ég gin 29
\ I‘E I

\/1+<> . () cos 29

(LD gin 2% - {6)
1 - (—l?) sin 29 .

hence, with (3) the velocity becomes

I

il

&g

g

tan ¢ =
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gives with

{
!
!
{

Opy 1 7
' — ] .
o 1+ % i 1 (8)

ag linearized Prandtl-stream density.

Differerntiation of (7) gives as slope of the streem density curve
at point M ¥ : :

a8, 7 , :
k-

Boo ‘ %) k Mg* N k.

i A e B R A

dbe* ( K/ Op My * % = % 7 2

Mg

The Prendtl-stream dengity Opn, therefore, represents the tangent to

the stream density curve in the approacl flow point, while the incom-
pressible stream density at speed M * :

Oyc  Myg¥ A * T
e Mo, A ()
0 oo Mo ’

can be regarded as secant through the points Mc* = 0 and M* = M.

Now iin order to be able to secures an improved solubion for the
compressible flow with the aid of the approximated streem density
oy = QEr or Ojix, respectively, the compressible flow in a flow tube
is visualized as being replaced by a flow of approximated stream
density 6y with identical velocity field, in which the additional
displacement is profuced by an additiocnal source distribution.

(Compare WM 1117, p. 2). TIf . 18 the width of the flow tube at
a given point, *
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K7 rqve o :8¢

will be valid for the flow along the flow tube. The approximation
flow with additional sources is to show the saue velocitbies &3 the
compressible flow. Due %o the source distribution, the flow then

differs from point to polnt:

~ Gy dny Oy

iy
ed
i

PV To fw

Both 6 and 6y are functions of the velocity Mk*/ﬁn*- AL
infinity, the flow is the same in both cases, Gue to Oy, = Ow- The

aum of all vclume sources to be placed upstrean then 1is {ccmpare
M 1117, p. 28)

~w O E - o amy /By - B
Ay = e = - 4 P
N — E N "IN - a
Veol'Q \ (o] Lo ~

If one introduces the constant flow 4y, wnich is calculated, say,
n

in the center section of the doubly-symmetrical profile,

o dn‘ e“,— M _7‘(’ SN - e
dBy = On* = £ with Oy ”é; = MK (10)
ro B«/ conter section M ¥ 6y

is valid. Cy* denoctes, therefore, the relative error of the approxi-

mated stream density in contrast to the exact stream density for the.
compressible velocity b *. :

. Tnoompressible basic flow (flow around ciroular profile) .~ The
curve of the source strength to be disposed about the circular profile
in the incompressible Tlow 1s, therefore

~ dm 91\ eik - ek'
@Fer = G| == = it Cap® = o= b 10
e L (:%o bof conter section Ef M T Oy (10%)

The width of the flow tubes at the circle in the center section is

o
v

%

<?n%) W dr :
r o - S .
o/ center section o Yo -
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b. Prandtl basic flow (crescent, spindle-shaped body, ellipse) .~ -
For thelr profiles the Prendtl approximation is considered as comparative
flow and the profile analyzed in the affinely distorted ik*-plape
instead of in the compressible plane. With M;x*s denoting the velocity
at the profile of the ik*-plane, e&g.lt is attainéd from the cyellc
flow free from sources by conformal transformation, the velocity of
the Prandtl approximation M. *, on the profile of the k-plane
obtained by the transformation

Mi#oy My %
__1_1&__70 = 1 + ;J,g -._j;.lg..-g - 1 (ll)
Mo* Meo® .

corresponding to the linearization of | the stream density in (8). The
related stream density, therefore, is

b2ro -1 s X @c*o l\ _ Mix¥o
*

O “2

O™ Myp* -

with B WEL- denoting the incompressible stream density related

0 <0 . -

to M ¥, in the ix¥-plane,
density Tollows as

the transformation of the gtream )

Opp = O33* (12)

Now, if the Prandtl flow M%*o in the compressible plene corresponds
to the flow M;

ix¥s 1n the ile*-plane, the Prandtl ilow My®
provided with additional Saurces replacing the compressible Tlow
corresponds to a flow in the ik*-plane fitted wish gources, the ,
velocity of which is equal to the velocity My * transformed by (11)

Myc* R
-;—15“ = ] & ..J."'.(.‘\ l—&-{—_ -
M 02\ M

The throughflow of the Mijx* - flow with sources at a point of flow,

tube width dng*, is then, since by (12) Biy* - @p. Prandtl is the
related stream dengity,

A, ¥ = %Eééf eﬁf
\Ifik' - rs 8w
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Owing to the source distribubtion this throughflow varies from cne

an.. ¥ B
1L .
place to another. An infinite distance Aygc® = ” hence,
S o o.. .

- the sum of the source strengths in the 1k*-plane Cee =
~ d.n.g * Bgr dnlk*m
AR, % = e 5“"'“~*:7

> o S

Nl %
cmlkm B GIk-

For thelr profiles, however, and in the corresponding

dnjc¥  dmg
compressible flow dmgfy = dhk59m by reacon of the continulty.
Therefore, the source strength to be applied in the - ik¥*-plake is

#* = : ~ Ok
Ox

{10™

The source sbrength per width of flow tubs remains, therefore, unchanged
by the transformation. On camparing (10") with (10') it is seen that,
owing to (12), the same source strength d¥;* had to be placed in

the ik¥-plane, 1f a compressible flow was Lo e ccmpubed by moans.

of additive sources, which is to flow through the flow tubs of L
the ik¥-plane and there cttain the velocity Mﬁk% of the incom- '
pressible flow with sources. o '

5. TIteration Process

Since in the formula Tor computing the source strength the
unknown compressible velocity My* enters on the righthand side of (10),
the source strength must be calculated step by step. Witd (ﬁk*o 0V
as the velocity in the starting point pV of the cemparative Flow
used as basis, that is, of the incompressible circular flow or Prandtl
£low around one of the thin profiles the relative error of the rclated
approximation stream density 6Oy(Mc¥,). in respect to the actual

. : . . o 7 e
- stream density O(M ¥,) 1s computed at the pointe (M _* wrter

xi‘o? W

o~ 1

which (10) affords & first approximstlon for the loacked for dource
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»

sum ZE: r i - ;{i@hl' CGenerally,. if (\Mk*(n-l{>uv ‘are the velocibies
Q' .

of the (n~1)th &

pproximation,gthessource~s%fength sum of nth approxi~
mation is ' :

NRPVARY RN Y oy |
‘ g (| __ («-1)] _On ,
Px‘ Be :}uv e D 1 (13)

with

#(n~=1)
8.}.1<n-3') = .AU. L?}g Mk

6

where Gk(Mk*(nml)§ 1s preferebly taken from a diagram,l end  Ap
A / :

represents the width of the gtream tube in midsection: It is

Lr 4yik : X . '
Ay = 5o and Y5 ) 8 =& wespectively. Since the outermost source
o o .

£y

the outer space, we get,
{

ring must include &ll the sources exlsting %n
T =32.9%, ir 23298
Yo

for example, for the regidual source ring

ro ~
represents the limiting ring of the influence ring (?E:) related
1‘6 -0/8
to g;-
Tikc* Ty * Tag*
Ay =1 === (po) - L (g + 0,38 == (pe)
7 I‘TO (7) r, (’f)_ 3 ro ( {
Typ™ Tix™
=LA SR (r) - 5 (v

where 0.38 indicaetes =a reduction factor for the influence of the
outer space. The individual gsource strengths Fey VB follow then

from the difference of two Source sums in adjacent points on the

seme ring, since they relate +o the same flow tubes. The additive

velocities AMK*(n) of nth approximation induced by the sources Ekk(n)

in the starting points BV are obtained by means of the influence
factors  fg* at the circle, by heglecting the r-component and taking
the 9§ ~component equal %o the total velocity. (Compare UM T, pe 3.)

iFor thin profiles for which the velocity differs iittle from the
approved flow, the exact stream density curve (7) can, in vicinity of
sonic velocity, bs closely approximated by & parabola, (compare

Oswatitsch). On expanding the bracket in power of AMk*ki lk% -1 ang
discounting all but the squared terms, ve get Op m 1 - == (i - Mk%) .




NiCAL TM No. 1203 29

AN
The influence factors for the velocity .Céz} of the source x> of

v, v
Jeos B
the oircular flow are, because of (2) simply

The total effect of all sources in the starting‘point wy  is optained
then by summetion over all sources KA

AI‘/I}(:*(n) } = > ' M+ T fi‘ﬁx _ ‘l (lh')

v KA

For the profile flow the influence factors (2) mvst be, in correspondence
with the conformal transformation, divided by the distortion gquantitles

(%, 5, 6):

g%

v TS
KA B
A Fuy

end the additive velocities according to Prandtl distorted correspending
to (ll)

k KA

i (n) 2 v ooav % (n) | ,
IAM, ¥ = p M ¥ L o By (1h)
e IHY Py

with this velocity connectlon the sotal velocities cf the nth approxi-
mation are:

) {
Mk*(n) = M ¥+ éMk*\n) . (15)

If to the initial velocity Mk*o thers corresponds the stream density
. L. " _ (o) _ . o N *“s‘
of the basic comparative flow O = 94} gﬁk O> or ePr (MK g; s

respectively, then to the improved velocity M.* 1) there pertains
already & stream density nearer +to the correct @r-curve; 9k n) is
calculated from (13) by solution of the equation with respect to Oy,

and by substituting for all megrnitudes on the right side the values
that correspond to the new approximation ) -
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Oy [Mk*(n)]

25 ﬁhk<n) ' :

N

ey

9k<n) =

1+

. Mk*(n)
- . 2 )

o (1)

Ay

(16)

Comnecting the points Mk*(n), 9k<n) for each starting point given

a set of curves which at convergence of the meothod approach the @-curve
congistently. The points of equal approximstion give a plcture of
the already attained approximation of the g~curve
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Figure 20.- Maximum excessive velocity on the circle contour

according to various approximation calculations.
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